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The upper bound problem for a class of objects (e.g., convex polytopes or simpli- 
cial spheres) asks: if the dimension and number of vertices of a member S of the 
class is fixed, what is the largest possible number of/-faces if S? The construction 
in the present note solves the upper bound problem for centrally symmetric 
s impl ic ia l  3-spheres.  © 1995 Academic Press, Inc. 
An abstract simplicial sphere S is centrally symmetric if there is an 
involution ~b: V(S) ~ V(S) which does not fix any face of S. We assume 
throughout his note that S is a centrally symmetric simplicial sphere with 
vertex set V(S)={Vl, . . . ,  v,, V1 .... , Vn}, and ~b(vi)= Vi. Since the set 
{vi, Vi} is fixed by ~b, no subset of V(S) which contains {vi, Vi} can 
possibly be a face of S. Let us say that a subset of V(S) which does not 
contain { v~, V~} for any i is good. Let d be the dimension of S. We say that 
S is nearly neighborly if every good subset of V(S) of cardinal less than or 
equal to (d+ 1)/2 is indeed a face of S. (This definition is analogous to the 
definition of neighborly polytopes, which attain the upper bounds on the 
number  of/ - faces for the class of simplicial polytopes [Mc]  and also for 
the class of simplicial spheres IS1]). Stanley has shown (private com- 
munication) by arguments similar to those in [S1] that the number  of 
/-faces of a centrally symmetric d-sphere with 2n-vertices is bounded above 
by the number  of/- faces a nearly neighborly centrally symmetric d-sphere 
with 2n vertices would have, if such exists. (For  i<~(d-1)/2, this is 
2i+ 1( n ~. for larger i, it is determined from the above values by the Dehn-  \ i+  117 
Somerville equations. These state that for a convex simplicial d-sphere with 
f~ /-faces, O<~i<~d, if we define the numbers hj by f~= p~+I  (a+a-J~hj, / , j=0  k i+  1 - - j  ] 
-1  ~< i ~< d, and we conventionally take f -1  = 1, then hj = hd+i - j .  For  an 
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exposition of the Dehn-Somerville equations, see [B or $2].) For a recent 
general reference on convex polytopes, see [Z]. For background topologi- 
cal information about abstract simplicial complexes, ee [ Mu]. Griinbaum 
has previously constructed nearly neighborly centrally symmetric 3-spheres 
with 12 and 14 vertices [G~; G2]; the author wishes to thank Giinther 
Ziegler for bringing these latter references to his attention. 
In the present note we construct an infinite family of nearly neighborly 
centrally symmetric 3-spheres. We will call our family {$4 3, S~, S 3, ...}. The 
subscript of each sphere gives halt the number of vertices. The construction 
is inductive. We let S 3 be the boundary complex of the four-dimensional 
cross-polytope. In other words, S 3 is an abstract simplicial sphere with ver- 
tex set {vl ..... v4, V1, ..., V4}; every good subset of the vertex set is a face. 
This is a nearly neighborly centrally symmetric 3-sphere with eight vertices. 
At each step, we will construct S3n+~ from S 3 by the following process. We 
will specify at each stage a 3-ball Bn ~ $3~ with the property that B~ c~ ~b(B,) 
does not contain any facets. The facets of $3,+~ are 
• facets of $3~ which do not lie in Bn or ~b(B,,), and 
• v, + ~ • C, where C is any facet of the boundary complex of B,, and 
• Vn+~ • C, where C is any facet of the boundary complex of ~(B,,). 
Topologically, we formed S,3,+1 by cutting the 3-ball B~ and ~b(B~) out 
of S 3 and sewing 3-balls v n + 1 * c~(B,) and v,, + 1 * 6(cb(Bn)) (where 6 denotes 
boundary complex) into the holes thus created. Since S,3, is a 3-sphere by 
induction, $3~+~ is also a 3-sphere. Furthermore, inspection of the above 
list of facets shows that since S 3 is centrally symmetric, S,]+~ is also 
centrally symmetric. 
We now specify that balls Bn in a way that ensures that the spheres S 3 
are nearly neighborly. Since d = 3, we need choose B,, in a way that ensures 
3 that every good 2-subset of S~+~ is a face. Assuming inductively that S 3 
is nearly neighborly, the following conditions are enough: 
• Every vertex of S3n is a vertex of Bn (this ensures that {v, V~+l} and 
3 3 {v, V~+~} are faces of S,~+t for every vE V(Sn)), and 
• B~ does not contain the star of any edge of S 3 (this ensures that 
every edge of S 3 is also an edge of S 3 + 1). 
Equivalently, we could require that the first two entries of the h-vector 
of B,, be the same as the first two entries of the h-vector of S 3 and that the 
remaining entries of the h-vector of B~ be zero. The following B, will do 
it; let 
Bn=star ({v~_ l ,v , ,} ) -{v ,_2 ,  v~ i,l.)n, V1} 
v._,, v,,_2, v.}}. 
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We now check that B n c S 3, that Bn is a ball, and that Bn satisfies the 
above conditions. We proceed by induction on n. In the case n = 4, this is 
clear. For the induction step, we need the following claim. Let L.  denote the 
link of {v._ l ,  v.} in S 3. We claim that Ln is the cycle {vl, v2 ..... v._2, V1, 
V2, ..., Vn 2, v 1}. The claim is also checked inductively. The case n = 4 is 
again clear. For the induction step, we note that L n + 1 is the same as the link 
of vn in B n. Now if we had defined Bn=star({vn_l ,  v.}), we would have 
Ln + 1 = L..  Removing the tetrahedron { v._ 2, vn_ 1, 0n, V1 } from B~ has the 
effect of inserting vn _ 1 into L n + 1 between vn_ 2 and V 1; inserting the tetrahe- 
dron { v 1, Vn_ 2, Vn _ 1, v. } has the effect of inserting Vn_ 1 between V. _ 2 and 
vl; and inserting the tetrahedron { vl, Vn_2, vn_ 1, V.} makes no difference. 
Now {vl, Vn_3, Vn_2, V._I} sBn_ l  and by the claim {vl, v2, V._2, 
V. i} e~(B._~), which means that {vl, V. 2, Vn_~} lies in the boundary 
of both B~ ~ and ~b(B._l) , so {v~, Vn_2, V._~, v.} ~S.  and {vl, V~_2, 
V._I, V.} E S., which means that B. s S.. Also, star ({V._l, v .} ) -  
{V._z,V._~, vn, V~} and {{v~, V~_2, V. 1, v.}, {v~, V._2, V._I,  V.}} 
are 3-balls and by the claim their intersection is the triangle {Vl, V._2, v.}. 
Hence B. is a 3-ball. Finally, the two conditions above follow immediately 
from the definition of B. and the claim. 
REMARKS 
1. It is known that there does not exist an infinite family of com- 
binatorially distinct centrally symmetric convex 3-polytopes. Indeed, 
Gr/inbaum has proved [ G3 ] that there is no nearly neighborly centrally 
symmetric onvex 4-polytope with 12 vertices, and Burton has shown [ Bu ] 
that a centrally symmetric convex d-polytope with sufficiently many 
vertices posesses two vertices which are not each others' reflection through 
the center and are not joined by an edge. 
2. G/inter Ziegler has asked whether the spheres in the present paper can 
be realized as fans. The answer is that they cannot. The existence of an 
infinite family of combinatorialy distinct nearly neighborly centrally sym- 
metric 4-fans remains unsettled. 
3. We can construct an infinite family of nearly neighborly centrally 
symmetric 4-spheres by taking the double of the S3n. 
4. It is not known whether there is an infinite family of nearly neighborly 
centrally symmetric d-spheres for d ~> 5. 
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